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The maximum stable difference scheme of second order  accuracy  is descr ibed for 
ex isymmetr ica l  flows with shock waves and the resul ts  are given of a calculation of 
the interaction between an external supersonic flow and a counter supersonic jet 
issuing f rom a cylindrical  channel. 

1. Formulat ion of the Problem.  In order  to calculate gas flows with shock waves, difference 
methods of direct  calculation have been proposed by different authors, defined by the order  of accuracy,  
stability and degree of complexity in ca r ry ing  out the calculation on a computer .  It is found, by the p rac -  
tical application of direct  numerical  methods, that difference schemes of the f i rs t  o rder  freque~ltly give a 
large e r r o r ,  and that schemes  of the third and fourth o rder  are too complex. Schemes of second order  
accuracy  are  compromises  between the so-cal led c lasses  of schemes and combine sa t is factory accuracy  
with simplicity of execution. 

Severel vers ions  of second-order  difference schemes are known [1-4]. A scheme is descr ibed 
in this paper  for ax isymmetr ica l  flows, which differs f rom the schemes in [1], [3], end [4] by the increased 
stability (the step can be increased by a factor  of ~-2) and f rom the scheme in [2] by the possibil i ty of using 
data about the field of gasdynamic  pa rame te r s  obtained on the previous a s well as on the last  hel l -s tep.  

The proposed difference method is used to solve the problem of the interaction between a supersonic 
flow incident on a cylindrical  body with a counter jet issuing f rom the body. The counter flow fulfills the 
role of en edvancing curved profile, reducing the res is tance  to motion. As e resul t  of this, in front of the 
end face of the s t reamlined cyl inder  a leading shock wave is formed, the contact surface separet ing the in- 
teract ing flows, the counter shock weve and a vortex zone (Fig. 1). The determinetion of the dependence 
of the p r e s s u r e  (force loading) at the surface on the flow p a r a m e t e r s  end the geometry  of the body is of 
pract ica l  interest .  

The problem is solved by determining at the initial instant, the field of the pa rame te r s  co r respond-  
ing to the instantaneous injection of the cylinder into the supersonic flow, the p roces s  of trensit ion to e 
s teady-s ta te  distribution is then celculated, which is the solution of the s treamline flow problem.  When a 
s teady-s ta te  s t reamline  flow cycle is achieved, the boundery conditions st the end surface of the body ere  
changed in such a way thet the counter -supersonic  flow would be simulated. After this, the solution of the 
problem is continued until a new s teady-s ta te  cycle is obtained. 

2. Two-Step Se.cond-Order Difference Scheme. The mathematical  model of nons teady-ex i symmet r i -  
eal flow is e sys tem of Euler equations with the appropriate  initial and boundary conditions. The sys tem of 
equations is descr ibed in divergent form by 

Of c~ F ( f ) - -  ~ G ( f )  + " H ( f ) = O  (1) 
~t &v g 

using the vector  notations 
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Fig.  1. In te rac t ion  d iagram:  1) external  flow; 2) coun-  
t e r - j e t ;  3) leading shock wave; 4) coun te r - shock  wave; 
5) contact surface;  6) stagnation point; 7) sonic l ines;  
8) shock waves  in the jet; 9) subsonic vor t ex  region.  

The p a r a m e t e r  u defines the f o r m  of symmet ry :  u = 1 in the a x i s y m m e t r i e a l  ease  and v = 0 in the 
plane ca se.  

In addition to the genera l  s y s t e m  (1) for spli t t ing the two-dimensional  difference ope r s to r  into one-  
d imensional  ope ra to r s ,  we introduce the supplementary  one-d imens iona l  sys tems :  

ot ox F (~ = 0, (2) 

07 0 , ,, 
0~ ov ~ (f~ -~ -7-- ss (D = o. (3) 

The dif ference approximat ion  of the s y s t e m  is effected by the network 
,*z 

xh=k,Ax,  k = 0 ,  1, 2, , , . ;  y~=I.Ay, /=0> 1,2, . . . ;  tn--=-X:_~t<: 
i = 0  

with constant  s teps  with r e spec t  to the space coordina tes  and with t i m e - s t e p s  defined f r o m  the condition 
of stabil i ty [17]. F o r  the approximat ion,  nine points of the r e f e r ence  l a y e r  a re  included, one point of the 
denumerab le  l a y e r  and a lso  four  points  of the in te rmedia te  l a y e r  with ha l f - in tegra l  suff ixes .  

A four-point  m a x i m u m - s t a b l e  local  one-d imens ionaI  scheme of the f i r s t  o rde r  of accu racy  is e f -  
fected by a p r e l i m i n a r y  ha l f - s t ep .  If we designate L x as  the d i f ference  opera tor ,  approximat ing  by a half -  
step the vec to r  equation (2) and we designate Ly as  the ope ra to r  approximat ing  equation (3), then the o p e r -  
a to r  of the f i r s t  ha l f - s t ep  can be r e p r e s e n t e d  as  the s y m m e t r i c a l  product  of L x and Ly: 

L = 1 _  (L~L~-~- L,L,.) 
2 . . . .  (4) 

The ave rag ing  and di f ference  ope ra to r s ,  #x, Py and 6 x, 6y r e spec t ive ly  a r e  introduced for  c o m -  
pact  notation of the working fo rm u l a s  

1 

, ' ' ' - - 2 - - '  " 2 z ~  

Using these  ope ra to r s ,  the working f o r m u l a s  of the p r e l i m i n a r y  hal f -s tep ,  effect ing re la t ions  (4), a re  r e -  

p r e s e n t e d  in the fo rm:  

1 0 8 0  



~ a y  ~3 

! /,~ t , / " . / r  

I j'j?  
0 /~ gO 

F ig .  2. I s o b a r  f ie ld  in the v a r i a n t  with M l = 2.5 

and M z = 3.25. 

= 9J~, 1 AU 5~F" 1 , 
+~ ,z ~--T'~ 2Ax " k+-S-,z 

_ v a t "  ~.~,l + - ;" __ At" 6yG" l % H "  1 '  
- P,~j/~ t~- ~ 2Ay 1,,t+ -2- 2Y:+ l_.L ' k ' l + T  

2 
At~ 6~k_ ~ 

- -  ~- T W- -2- 2Ax "T- . ' 

l . 1 4 _  ~ L  , I 1 I I 

vAt" - 
1 , l +  1 ~  

2g _ k  ~'fl~<+ ~- ~- (5) 
2 

"+ -1- l - 

" - ) 
1 " 

In the second  and f inal  ha l f - s t ep ,  a t w o - d i m e n -  
s iona l  v e r s i o n  of the "KREST" ("CROSS") scheme  is  
used:  

n.4- ~ -  A t ,  o , ,+~- v a t  ~ ~.+l ~ [. At~ py6~F~ z " - -  - - -  ,u.~%u~,l - - - - , u 4 t , j H ~ . z  (6) 
t~,t  - -  k,t A x  " ' A y  y~ 

In addi t ion  to the h a l f - s t e p s  (5) and  (6), in o r d e r  to i n c r e a s e  the qua l i ty  of the ca l cu l a t i on  of the 
shock waves,  the t h i rd  s tage - -  smoo th ing  --  is c a r r i e d  out .  In th i s  stage,  the t e r m s  of the a r t i f i c i a l  
v i s c o s i t y  of the t h i rd  o r d e r  of s m a l l n e s s  a r e  added to the so lu t ion  obta ined:  

,, b l  :-f,,t+ 1 n 

;~4- 0) lt~ r z n  1 i ~n 
i: - 2 - "  ~ l ~) :"] l ~- 

O) 
. - - 1 6  ?" 15 f" 

%- 2 

At"  - \ U  - 
• . . . .  ( 'd-i o)% ~ ...... = ' " _\x . ~ j  (iv!- ,~)". 

It is  e s t a b l i s h e d  e x p e r i m e n t a l l y  that  va lues  of the coeff ic ient  of v i s c o s i t y  w should be chosen  f r o m  
the r ange  1.0 to 1.5. 

The  d i f f e rence  scheme ,  Eqs.  (5)-(7), has a second o r d e r  of a c c u r a c y  on su f f i c ien t ly  smooth  so lu t ions  
of s y s t e m  (1). The proof  of th i s  s t a t e m e n t  is e f fec ted  by u s i ng  e x p a n s i o n s  of the func t ions  in T a y l o r  s e r i e s  

[1]. 

3. A n a l y s i s  of the Stabi l i ty  of the Di f fe rence  Scheme.  The  p r a c t i c a l  p u r p o s e  for a na l yz i ng  the 
s t ab i l i t y  of the d i f f e r ence  equa t ions  is to d e t e r m i n e  the p e r m i s s i b l e  step in t ime  At n .  In o r d e r  to ana lyze  
the s tab i l i ty ,  the equa t ions  a r e  l i n e a r i z e d ,  a f t e r  which F o u r i e r ' s  method is appl ied  to the l i n e a r i z e d  equa -  
t i ons .  

As a r e s u l t  of l i n e a r i z a t i o n  of the ge ne r a l  s y s t e m  (1), when u = O, a s y s t e m  with cons t an t  coef f i -  
c i e n t s  is obta ined: 

A ~ i BCV=0, (8) 
ot c)x @ 

where 

v 0 0 u 0 0 p-1 
U =  ; A = =  ; B _v 0 

Po 9 ~ 0  u - ~ 0 p [ z -  v 0 " 
Po, \ ,  p 0 0 \ 0  p 0 v 

A s i m i l a r i t y  t r a n s f o r m a t i o n  e x i s t s  with the m a t r i x  X, s y m m e t r i z i n g  the l i n e a r i z e d  s y s t e m  of g a s d y n a m i e  
equa t ions  (8), i . e . ,  such that the m a t r i c e s  of the coe f f i c i en t s  of the equ iva len t  s y s t e m  
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Fig.  3. Fie ld  of Much number  isol ines  for  the va r ian t  in F ig .2 .  

Fig.  4. Dependence of the m a x i m u m  p r e s s u r e  at the end sur face  on M 2, when M i = 2.5. 

OV -'t- C OV D OV = 0, (9) 
o-i- -g~ + o~ 

a r e  symmet r i ca l ,  where V = XU, C = XAX -1, D =X13X -1. The r e q u i r e m e n t s  of s y m m e t r i z a t i o n  de te rmine  
unambiguously the t r ans fo rming  m a t r i x  X; its s imp le s t  f o r m  is the following 

X :: pa 0 0 " (i0) 
0 1 Oao " 
0 1 - -  

It is not difficult to p rove  that the n o r m s  of the m a t r i x  X and X -1 a re  bounded. In the future ,  there fore ,  it can 
be a s s u m e d  that in s y s t e m  (8), A and B a re  s y m m e t r i c a l  m a t r i c e s .  

The di f ference  scheme  (5)-{6), applied to the l inea r  s y s t e m  (8), is wri t ten in the f o r m  of vec to r  
equations 

~+@ |[ At A~t,,5~ At B~tx6y i At"- (AB: BA)5~y]U:+@j 
v +  ~_ ,+ } e,~,,~ 2Ax - 2A--T 8AxA,j , ,+§ (11) 

Un+,__U~ _ _ ( A t  At B 6 '~ n+~ (12) 

Equation (11) is the l inear iza t ion  of Eq. (5), and Eq. (12) can be cons idered  as  the l inea r i zed  Eq. (6). E is 
a unit m a t r i x .  

The reac t ion  of the l i nea r  di f ference equations (11) and (12) is invest igated on s imple  harmonic  
osci l la t ions ,  desc r ibed  by the function 

U n = ~n exp [i (kq~ -+/~)], (13) 
k,l 

where q) and ~0 a r e  the f requency p a r a m e t e r s .  Substitution of the vec to r  function (13) in Eq. (11) and (12) 
l eads  to the re la t ion  

~n+l = S U ,  

in which S --  the m a t r i x  of t r an s fo rm a t i on  of the scheme --  is defined by the express ion  

S = E - - 2 (  asin q) c~ * + b c ~  q~ s i n 2  2 * 12 2 - - 2 i ( a s i n  ~p2 cos--*2 ~- bcos cP2 sin-~-* ) 

( r * ab i -basin~si  n * )  (14)  ,',,~ E cos ~ -  cos 2 2 2 2 ' 
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w h e r e  
At At a = - - A ;  b =  B. 
Ax All 

F o r  s t a b i l i t y  of  the s c h e m e ,  it  i s  su f f i c i en t  tha t  the i ne qua l i t y  

[(Sq, q)12-~ 1 

shou ld  be  s a t i s f i e d  fo r  a l l  unit  v e c t o r s  q [1]. 

We i n t r o d u c e  the n o t a t i o n s :  

S 

(15) 

R- - i J ,  R = E - - K ,  K = 2 Q  2, ] = 2 9 . F ,  

(..) = a sin ~ cos ~ § b cos ~-~- sin ~ , 
2 2 2 2 

P=Ecos_~_~ co s ~ ab-l. basin3__si n x~ 
2 2 2 2 2 

r =: (Rq, q), i = (Jq, q), c~ = I~ql 2, ~ = lPqi z. 

Using  the  n o t a t i o n s  i n t roduced ,  the  l e f t - h a n d  s ide  of Eq.  (15) can  be w r i t t e n  in the  f o r m  

i(Sq, q)h 2 = r 2 + ]2 = (I - -  2a) ~- -:- 4 (~Fq, q)2. 

But  in v i e w  of the s y m m e t r y  of ~2 and a c c o r d i n g  to S c h w a r t z r s  i nequa l i t y  

(.Qrq, q)2 = (Fq, .O.q)~ .~.: li'qf- ~ q f  -= ~ .  

Consequen t ly ,  

(Sq q)i"-<.(1 - -  2~) 2 + 4a~l 1 - -  4a ( l  - -  o: - -~) .  

It r e m a i n s  to e x p l a i n  the  c o n d i t i o n s  f o r  s a t i s f y i n g  the inequa l i ty  c~ + fi _.< 1 .  A s  

( a - -  ~)~ = ((r 2 : -  ~ ) ,  q, qf  ~!(P: ~2)ql~, 

F:' =_.0.2= E cos 2 a-sin- qr cos'-' al~ - ~ sin ' - - ~  b2cos ~ sin ~- g 
�9 2 2 2 

the  i nequa l i t y  

(a--18)=<max(1,  iaq[")c~ %; k, ob2:-baq, ibq,2", ) s in  2 *- .~max(2 " . l ' ]aq] 2, ,Ibqi2 ab-=2 baq),.[ ]t. 

is  va l id ,  f r o m  which  fo l low the r e q u i r e d  cond i t i ons  of s t a b i l i t y  

ija![ ~. 1, !ibii :g I (16) 

In v i ew of  the s y m m e t r y  of  the  m a t r i c e s  a and  b, the c o n d i t i o n s  of Eq.  (16) can be  e x p r e s s e d  in t e r m s  of 
e i g e n v a l u e s  and r e p r e s e n t e d  in a f o r m  which i s  s u i t a b l e  fo r  use  

• 1, ).n <.'." 1. (17) 

F r o m  the  fac t  that  the s c h e m e s  of [1], [3] and [4] a r e  s t ab l e  with the l i m i t a t i o n s  x n _< 1/~'2, ;t n _ 1 
/~-2, it f o l l ows  tha t  the s c h e m e  b e i n g  d e s c r i b e d  is  m o r e  s t a b l e .  F u r t h e r  r e l a x a t i o n  of  the  inequa l i ty  (17) 
i s  i m p o s s i b l e ,  b e c a u s e  the  r a t e  of  t r a n s f e r  of p e r t u r b a t i o n s  in the  d i f f e r e n c e  s o l u t i o n s  cannot  be l e s s  than 
in the so lu t ion  of the d i f f e r e n t i a l  e q u a t i o n s  ( C o u r a n t ~ F r i e d r i c h s - - L e v y  condi t ion) .  Consequen t ly ,  the  d i f -  
f e r e n c e  s c h e m e  has  the  m a x i m u m  s t a b i l i t y .  

4. R e s u l t s  of  the  C a l c u l a t i o n s .  The  so lu t ion  of  the  p r o b l e m  be ing  c o n s i d e r e d ,  c o n c e r n i n g  the 
c o u n t e r i n t e r a c t i o n  of s u p e r s o n i c  f lows  h a s  been  c a r r i e d  out  in d i m e n s i o n l e s s  p a r a m e t e r s ,  fo r  the r e d u c -  
t ion  to which  the p r e s s u r e  Pl, d e n s i t y  Pl, d e n s i t y  Pl and  the r a d i u s  of the c y l i n d e r  r I a r e  taken  a s  i n d e -  
penden t  un i t s  of s c a l e .  The  6 p a r a m e t e r s  M1, M2, P2, P2, r0 and Y a r e  chosen  a s  c o n t r o l l i n g  p a r a m e t e r s .  

In o r d e r  to  i l l u s t r a t e  the  p o s s i b i l i t i e s  of the  method ,  F i g s .  2 to 4 show a g roup  of  v a r i a n t s  d i f f e r -  
ing in v a l u e s  of  M 2 (over  the  r a n g e  f r o m  1.5 to  3.5), with f i x e d  v a l u e s  of the o t h e r  p a r a m e t e r s :  P2 = 1,  P2 
= 1, M i = 2.5, r 0 = 8 /15  and Y = 1.4.  The  v a r i a n t s  shown a r e  c a l c u l a t e d  on a n e t w o r k  of 40 x 86 e l e m e n t s ,  
so that  the  t i m e  of c a l c u l a t i o n  of  one v a r i a n t ,  u s ing  th i s  ne twork ,  a m o u n t e d  to about  4 h (BESM-6) .  
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Figure 2 shows the isobar field, formed as a resul t  of the interaction of s t reams  with M 1 = 2.5 
and M 2 = 3.25. The magnitude of the eg res s  of the head wave, the location and shape of the counter-wave 
and the dimensions of the reduced p re s su re  zones can be est imated by the disposition of the isobars .  The 
behavior  of the isobars  in the vicinity of the axis near  the end of the cylinder affects the formation in the 
jet of an oblique shock wave. 

Figure 3 r ep resen t s  the Mach number isolines for  the same variant .  The region of subsonic flow 
is bounded in this f igure by two sonic l ines (M = 1) each of which, having s tar ted  at the surface of the cylin- 
der, finishes at one of the shock waves -- the leading or  the counter shock wave. 

The graph drawn in Fig.  4 shows how the maximum p re s su re  at the end surface of the body depends 
on M 2. When M 2 = 0 in the given case, Pmax = 8.34 and in the variant  with M 2 = 3.25 it is 0.86. Thus, the 
counter  flow cardinal ly changes the pat tern of s t reamlined flow and can reduce significantly the p re s su re  
at the surface of the s t reamlined body. 

N O T A T I O N  

y, radial coordinate; x, axial coordinate;  t, t ime; p, p ressure ;  p, density; u, axial velocity com-  
ponent; v, radial velocity component; e, total specific energy,p(u 2 + v2)/2 + p(T--1); 7, rat io of specific 
heats;  ~, velocity of  sound; M, Mach number;  Ax, pitch of difference grid with respect  to x; Ay, pitch of 
difference grid with respect  to y; At n, n- th  time strip; k, axial index of node of difference grid; l, radial 
index of node of difference grid; Pl, Pi, Ml, p a r a m e t e r s  of the incident flow; P2, P2, M2, pa rame te r s  of the 
counter flow; ri, radius of the body; r2, channel radius; r 0 = r2 / r  i, rat io of radii .  
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